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Abstract. Assuming the Bloch-Kato Conjecture, we determine 
precise conditions under which Hilbert 90 is valid for Milnor k- 
theory and Galois cohomology. In particular, Hilbert 90 holds for 
degree n when the cohomological dimension of the Galois group of 
the maximal p-extension of F is at most n. 



The key to the Bloch-Kato Conjecture is Hilbert 90 for Milnor K- 
theory for cyclic extensions E/F of degree p. It is desirable to know 
when Hilbert 90 holds for Galois cohomology H n (E,¥ p ) as well. In 
this paper we develop precise conditions under which Hilbert 90 holds 
for Galois cohomology. 

Let p be a prime number, E/F a cyclic extension of degree p with 
group G, and assume that F contains a primitive pth root of unity £ p . 
Let a be a generator of G. We say that Galois cohomology satisfies 
Hilbert 90 for n G N if the following sequence is exact: 

H n {E,¥ p ) ^ H n {E,¥ p ) H n {F,¥ p ). (1) 

We say then that (h90) n is valid. 

In section we formulate our results. We recall some basic results 
related to the Bloch-Kato Conjecture in section|2l and in sections Eland 
@]we prove our results. In section El we compare (h90) n with vanishing 
of the first cohomology of F p [6?]-module H n (E, ¥ p ) . We refer the reader 
to |Loj and the references therein for interesting comments on classical 
Hilbert 90 and its extensions by Speiser and Noether. 
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1. Conditions for Hilbert 90 for Galois cohomology 

Choose a G F such that E = F(tfa). To simplify notation we ab- 
breviate H n (E,¥ p ) and H n (F,¥ p ) by H n (E) and H n (F), respectively, 
and express cup products a U (3 as a. (3. 

Theorem 1. Suppose that p = 2 and n G N. Then (/i90) n is valid if 
and only if 

H n (F) = cor H n (E) + (a).H n - l (F). 

Let E x := E \ {0} and suppose still that p = 2. If a is a sum of two 
squares in F then a G N E / F E X , and by the projection formula (see 
[NSW1 Prop. 1.5.3iv]) we obtain (a).H n - l (F) C cor Therefore 
we have the following corollary. (Observe that a is a sum of two squares 
in F if and only if -1 G N E/F E X .) 

Corollary 1.1. Suppose that p = 2, n G N, and a G F 2 + F 2 . Then 
(h90) n is valid if and only if cot : H n (E) — > H n (F) is surjective. 

Theorem 2. Suppose that p > 2 and n G N. T/ien (/i90) n is valid if 
and only if 

H n (F) = cox H n {E) + {Q.H n ~ l {F). 

Now if ^ p G N E / F E X , then by the projection formula, (£, p ).H n ~ l (F) C 
cor H n (E). Therefore we have 

Corollary 2.1. Suppose that p > 2 and £ p G N E / F E X . Then (h90) n 
va/id z/ and on/?/ i/cor : H n (E) — > H n (F) is surjective. 

Corollaries 11.11 and 12.11 together imply 

Corollary 3. Suppose that jigN and £ p G N E / E E X . Then (n90) n is 
va/zd i/ and on/?/ i/cor : H n (E) — > H n (F) is surjective. 

Now let -F(p) be the compositum of all finite Galois p-power exten- 
sions of F in a fixed separable closure of F, and consider the cohomo- 
logical dimension of G F {p) := Gal(F (p) / F) . If cdGp(p) < n, then by 
|NSW1 Prop. 3.3.8] we have the surjectivity of cor : H n (E) -> H n (F). 
In fact, since £ p G F, the statement cdGp(p) < n is equivalent to the 
surjectivity of cor on H n (E) for all cyclic extensions E of F of degree 
p |LLMS| Thm. 2]. Moreover, if a primitive p 2 th root of unity is in F, 
then for a suitable choice of the p 2 th root of unity £ p 2 G F we obtain 
N E / E {^ p 2) = £ p for every cyclic extension E/F of degree p. Hence from 
Theorems ^ and El and Corollaries II. II and 12.11 we have 
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Corollary 4. Suppose that n G N. If cdGV(p) < n, then (h90) n is 
valid for all cyclic extensions E/F of degree p. Moreover, if C, p 2 G F 
and if (/t90) n is valid for all cyclic extensions E/F of degree p, then 
c&Gpip) < n. 

We present two further results: an interpretation of (h90) n in terms 
of direct summands of H n (E) defined over F, and a hereditary property 
of (h90) n . 

Theorem 5. Suppose that jigN. Then (h90) n is valid if and only if 
for each pair Q C H n (F), P C H n (E) satisfying 

H n (E) = res Q ® P, 

we have resQ = {0}. 

Theorem 6. Suppose that n G N. Then if (h99) n is valid, (h99) m is 
valid for all m > n. 

At the end of the paper we compare (h90) n with H 1 (G,H n (E)) = 
{0}. 

2. Bloch-Kato and Milnor ^-theory 

For i > 0, let KiF denote the zth Milnor .ff -group of the field F, 
with standard generators denoted by {fi} ■ ■ ■ {fi}, /i, G F x . 

(See jMij and |FVt Chap. IX].) We use the usual abbreviation k n F for 
K n F/pK n F. For an extension of fields E/F, we use iE for the natural 
inclusions of i^-theory and fc-theory, and we also use N E / F for both 
the norm map K n E — > K n F and the induced map k n E — > k n F. 

We prove our results first for Milnor /c-theory, using Hilbert 90 for 
Milnor i^-theory, and then we use the Bloch-Kato Conjecture to iden- 
tify k n F and H n (F). (See EE Lemma 6.11 and §7] and jH §6 and 
Theorem 7.1]. For further expositions of the work of Rost and Voevod- 
sky on Bloch-Kato Conjecture, see |RoJ, [IMVWj . and |Suj.) 

We say that Milnor /c-theory satisfies Hilbert 90 at n G N for a 
cyclic extension E/F of degree p with Ga\{E/F) = (a) if the following 
sequence is exact: 



k n E a 1 > k n E E/F -> k n F. 



(2) 
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We say then that (h90)ff is valid. By the Bloch-Kato Conjecture, 
there exists a G-equivariant isomorphism k n E — > H n (E), and there- 
fore (h90)n is equivalent to (h90) n . To determine conditions for ((TJ) it is 
then sufficient to determine conditions for (J2J). Since the G-equivariant 
isomorphism sends products to cup products, conditions for k n E ex- 
pressed in terms of products will carry over to the analogous conditions 
for H n (E) expressed in terms of cup products. 

We use the following two results in Voevodsky's work on the Bloch- 
Kato Conjecture. Because we apply Voevodsky's results in the case 
when the base field contains a primitive pth root of unity we give for- 
mulations restricted to this case. The first result is Hilbert 90 for 
Milnor i^-theory. 

Theorem 7 (jVTJ Lemma 6.11 and §7] and jV2 §6 and Thm. 7.1]). 

Let F be a field containing a primitive pth root of unity and m G N. 
For any cyclic extension E/F of degree p with Gal(E/F) = (a), the 
sequence 

K m E K m E ^> K m F 

is exact. 

As is standard, we then have the so-called "Small Hilbert 90 for k n " : 

Corollary 7.1. Assume the hypotheses of Theorem^ Then the se- 
quence 

(a - l)k m E + i E k rn F — > k m E ► k m F 

is exact. In particular, 

(h90)% ^ i E k m F C {a - l)k m E. 

Proof. Since Ne/f{v — 1) = on k m E and Ne/f is multiplication by p 
on i E k n F, our sequence is a complex. 

Now let a G K m E and write a for the class of a in k m E. Suppose 
that N e /f& = G k m F. Then N E /pa = p[3 for some (3 G K m F. 
Consider a' = a — i E {(3). Then Ne/f ' — and by Theorem [7| there 
exists 7 G K m F such that (cr — 1)7 = a' = a — ze(P)- Then modulo p 
we have (a — 1)7 = a — ie(P) and so a = (a — 1)7 + Ie(P)- D 



The following theorem is a strengthening of |V1[ Prop. 5.2]. Again 
a G F x is chosen so that E = F(tfa). 
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Theorem 8 ( |LMS2( Thm. 6]). Let F be a field containing a primitive 
pth root of unity. Then for any cyclic extension E/F of degree p and 
m G N the sequence 

k m _iE E/F > k m _iF — — > k m F ^ k m E 

is exact. 

3. Proofs of Theorems □ and [21 

Proof of Theorem^ By Corollary 17. 11 (/i90)„ is valid if and only if 

i E k n F C (a - l)k n E = (a + l)k n E = i E N E/F k n E. 

Hence (/i90)* f is valid if and only if k n F = N E / E k n E + keri^. By 
Theorem |H1 keri E = {a} ■ k n _\F . Therefore 

(h90)% k n F = N E/E k n E + {a}-k n _ l F. 

Using the Bloch-Kato Conjecture, the theorem follows. □ 

Remark 1. The theorem also follows from Arason's long exact se- 
quence (see jXj). Therefore when p = 2 we can deduce (M)0) n from 
basic Galois cohomology, without reference to the Bloch-Kato Conjec- 
ture. 

Proposition 1. Let F be a field containing a primitive pth root £ p 
of unity and n G N. For any cyclic extension E/F of degree p with 
Gal(E/F) = (a), 

(a - l)k n E n (k n E) G = i E {{Q ■ k n ^F) + i E N E/F k n E. 

Before proving Proposition^we introduce some further notation and 
establish Lemma Q below. 

For y G k n E \ {0}, set the length l(y) of y to be 

l(y) := max{t G N : {a - lf^y ^ 0}. 

Observe that since 1 + a H V o^ 1 = (a - If- 1 in ¥ P G, i E N E/F = 

((j — l) p_1 on k n E and therefore l(y) < p. 

Since {£ p } • k n ^iF = {£ p } • k n -\F for (p, c) = 1, we assume without 
loss of generality for the proofs of the proposition and the following 
lemma that {/cT 1 = £ p . 
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Lemma 1. Suppose y G k n E with I = l(y) > 2. Then ifl>3, 

(a-l) l -\y) Ei E N E/F k n E, 

and if I = 2 

(a - l)y G i E {{Zp} ■ K-iF + N E/F k n E). 

Proof. If I = p, then (er — V) v ~ x k n E = i E N E / E k n E shows the result in 
this case. Hence we may assume that p > 2. 

Suppose I < p. Then y G ker(cr — l) p_1 and so i E N E / F {y) = 0. By 
Theorem |HJ there exists b G k n -±F such that N E / E y = {a} ■ b. By the 
projection formula |FWt p. 81], 

N E/F (y-{^}-i E (b)) =0. 

Then by Corollary 17.11 there exist uj G k n E and / G k n F such that 

y={a-l)u + {tfa~}-i E (b)+i E f 

and hence 

(a - l) 1 ^ = {a- 1) 1 uj + (a - l) l - 2 i E ({{ p } ■ b). 
If l(y) > 3 we deduce 

(a - 1)'-^ = (a - l)'w 

where l(u) = 1 + 1. Set = uj and repeat the argument. We obtain 
yk G k n E of lengths I < k < p with 

(a - 1)'"^ = (a - l) fe -V- 
Take a = y p to obtain 

(a - l)'- 1 ^ G i E N E/F k n E, 

as required. 

If l(y) = 2 we have that 

(ff - l)y = (<7-l) 2 u; + 

for some uj G fcn-E 1 and some b G k n -\F. We see that Z(u;) < 3. If 
l(u>) < 3 then 

(a-l)yei E {{Cp}-k n ^F), 

while if /(tu) = 3 then by the previous case we see that (a — 1) 2 uj G 
iEN E / F k n E, so the result holds in either case. □ 
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Proof of Proposition^ The right-hand side is contained in i E k n F and 
so is fixed by G. Furthermore, 

i E N E/F k n E = {a - iy~ l k n E C (cr - l)k n E. 

Let / G k n ^iF. Then because 

(a-l)({^E}-i E (f))^i E ({Q-f), 

we have • k n -iF) C (cr — l)k n E, and so 

• fen-i^) + i E N E/F k n E C(a- l)k n E n (k n E) G . 

Now let 7^ x G (k n E) D (cr — l)k n E. Then x = (cr — 1)7 for some 
7 G fc n £? with £(7) = 2. The result follows from Lemma ^ D 

Proof of Theorem^ By Corollary 17.11 (/i90)^ is valid if and only if 
i E k n F C (a — l)k n E, or, equivalently, 

(/i90)^ ^ (a - l)k n E m E k n F = i E k n F. 

By Proposition HI 

(cr - l)fc n -E H zsfcni 71 = «£;({^p} • K-iF) + i E N E/F k n E. 

Hence (/i90)^ is valid if and only if 

i E k n F = i E ({£ P } • K-iF + N E/F k n E). 

Since p > 2, {a} • {a} = 0. Then by Theorem |Hl keri^ C N E / F k n E. 
Hence 

(/>90),f <{=> fc n F = {i P } ■ k n ^F + N E/F k n E. 
Using the Bloch-Kato Conjecture, the theorem follows. □ 

4. Proofs of Theorems [5] and El 

We recall some results on F P [G] -modules for G a cyclic group of order 
p. The indecomposable F P [G\ -modules are precisely the cyclic F P [G]- 
modules Vi := ¥ p [G]/((a — 1)*) of dimensions i = 1, . . . ,p; hence Vi 
is annihilated by (cr — 1)* but not by (cr — The trivial F P [G]- 

module V\ ~ F p is the unique simple F p [G]-module up to isomorphism. 
Recall that a semisimple module is any direct sum, possibly infinite, 
of simple modules. For each i, the fixed submodule V G of Vi is (cr — 
iy~ 1 V, and each V, has finite composition length and therefore (see 
|AF| Lemma 12.8]) its endomorphism ring is local. 

Proposition 2. Let M be an ¥ p [G]-module. Then M = S © T where 
S is a maximal semisimple direct summand and T G C (a — 1)T. 



cS 
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Proof. Since F p [G] is an Artinian principal ideal ring, every F p [G]- 
module W is a direct sum of cyclic F p [G] -modules |SV| Thm. 6.7]. 
By the Krull-Schmidt-Azumaya Theorem (see |AF| Thm. 12.6]), all 
decompositions of W into direct sums of indecomposable modules are 
equivalent. Now decompose M = ©Mj where for each i = 1, . . . ,p, Mi 
is a direct sum of cyclic F P [G\ -modules V% of dimension i. Set S = M±, 
T = M2 © • • • © M p . Then S is a semisimple direct summand and 
T contains no nonzero semisimple direct summand. Hence S is maxi- 
mal. Since for each i > 2, Tj is a direct sum of modules Vi satisfying 
VP = (a - ly^V, we have that T satisfies T G C (a - 1)T. □ 

Proof of Theorem^ Assume first that (/i90)^ f is valid, and suppose 
that k n E = i E Q © P for Q C k n F, P C k n E. Then N E/F i E Q = pQ = 
{0}. By (m)>f, 

i E Q C (a - l)k n E =(a- l)i E Q © (a - 1)P = (a - 1)P C P. 

Hence i E Q C i E Q PI P = {0}, as desired. 

For the other direction, assume that if fc n .E = i E Q © P for Q C A;„-F, 
P C A;„,P, then z^Q = {0}. By Proposition [21 we may write k n E = 
S © T where 5 is a maximal semisimple direct summand and T G C 
(a — 1)T. We claim that U = i E k n F f] S = {0}, as follows. Because 
S is semisimple there exists V such that U © V = S. Let Q C k n F be 
the inverse image of U under i E . Then k n E = i E Q © (V © T) so that 
[/ = {0}, as desired. 

Now let / G k n F be arbitrary, and write x := i E f = s+t along S®T. 
Since (er — l)x = 0, we see that (er — \)t = and t G T G C (a — 1)T. 
By Proposition [TJ t G i E k n F and therefore s = x — t G i E k n F. But 
since {7 = {0}, s = 0. Hence i E k n F C (cr — \)k n E. By Corollary 17. 11 
we deduce that (/i90)^ is valid. 

Using the Bloch-Kato Conjecture, the theorem follows. □ 

Remark 2. The same argument as in the first paragraph of the proof 
shows directly that if (/i90) n is valid and H n (E) = iesQ © P for Q C 
iP(P) and P C P n (P), then resQ = {0}. 

Proof of Theorem^ Let n G N and assume first that p > 2. We prove 
the result by induction on m. The base case m = n is given. Assume 
then that (/i90)^ holds. By Theorem 

k m F = N E/F k m E + • k m _ x F. 
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Then each element in k m+ iF is a sum of the form {/} • r + {g} ■ {£ p } • s 
where /, g G F x , r G N E / F k m E, and s G k m _iF. 

By the projection formula (see [FVj Thm. 3.8]), {/}-r G N E / F k m+1 E. 
Moreover, {g} ■ {£ p } ■ s = {£ p } ■ {g^ 1 } ■ s G {C P } ■ k rn F. Therefore 

k m+1 F = N E/F k m+1 E + {£ p } ■ k m F. 

By the proof of Theorem |2l we have (M)0)^f +1 . Using the Bloch-Kato 
Conjecture, the theorem for p > 2 follows. 

The case p = 2 follows by replacing £ p with a and Theorem 121 with 
Theorem ^ in the argument above. □ 



5. HlLBERT VERSUS NOETHER AND SPEISER 



It is interesting to compare (h90) n with the condition H 1 (G, H n (E)) = 
{0}. Write ann n (a) for the annihilator of the cup-product with (a) in 
H n (F). 

Theorem 9. Suppose n£N. Then 

H\G,H n (E)) = {0} =s> (h90) n . 



If p > 2 and n6N, the following are equivalent: 

(1) H\G,H n (E)) = {0} 

(2) H n (E) is a free¥ p [G]-module 

(3) cor : H^^E) -> H n ~ l (F) is surjective. 

If p = 2 and neN, t/ie following are equivalent: 

(1) ^(G, = {0} 

(2) H n (E) is afree¥ p [G}-module 

(3) H n (E) = ann n (a) © (a).H n ~\F). 



Proof. If H 1 (G, H n (E)) = {0} then (a - l)H n (E) = ker iV, where the 
endomorphism iV : H n (E) — > H n (E) is defined by iV = res cor. Since 
keriV D kercor, we obtain (M)0) n . 



The equivalences (1)^(2) follow from [Ll §111.1, Prop. 1.4]. The 
equivalences (2)<s=4>(3) follow from |LMSt Thm. 1]. □ 
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